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O P T I M A L  C O N T R O L  O F  T H E  P R O C E S S  O F  H E A T  

T R A N S M I S S I O N  B E T W E E N  B O D I E S  IN C O N T A C T  

V.  S. K o l e s o v  UDC 536.24.02 

P r o b l e m s  of opt imal  f a s t - r e s p o n s e  control  of the p r o c e s s  of hea t  t r a n s m i s s i o n  between bodies 
in contact  a re  cons idered  under  cons t ra in t s  on the t he rmoe l a s t i c  s t r e s s e s .  Analyt ic  e x p r e s -  
sions a r e  obtained for  the control  function - the t h e r m a l  contact  r e s i s t ance .  

The p r o c e s s  of heat  t r a n s m i s s i o n  between bodies in contact is cha rac t e r i zed  by the p re sence  of a t h e r -  
mal  r e s i s t ance  in the contact .  I t  is  due to the na tura l  roughness  of the su r f aces  in contact  and can r e su l t  in a 
substant ia l  red is t r ibu t ion  of the t e m p e r a t u r e  f ields in the m a t e r i a l s  making  contact  [1]. The influence of the 
t h e r m a l  r e s i s t a n c e  in the contact  on the heat  t r a n s m i s s i o n  p r o c e s s  is twofold: Onthe one hand, it  d imin ishes  
the hea t  flux and the re fo re  r e s u l t s  in an i nc r ea se  in the l i fe t ime of the p r o c e s s ,  and on the o ther  hand,  it r e -  
duces  the t e m p e r a t u r e  drop in the bodies making  contact ,  i . e . ,  r e su l t s  in a diminution in the t he rma l  s t r e s s  
level  therein.  The dual nature  of the influence of the t he rma l  contact  r e s i s t a n c e  on the h e a t - t r a n s m i s s i o n  
p r o c e s s  p e r m i t s  formula t ion  of an opt imal  control  p rob lem:  Find that  control  (the t ime dependence of the t h e r -  
m a l  res i s t ance)  which will r e su l t  in a min imum t ime in the a t ta inment  of the de s i r ed  r e su l t  (the t a rge t  func-  
tion) and the t e m p e r a t u r e  s t r e s s e s  will  hence not exceed a ce r ta in  quantity governing the s t rength  of the m a -  
te r ia l .  The t a rge t  function can be quite different .  F o r  example ,  the deviation of the mean  body t e m p e r a t u r e  
f r o m  a p rev ious ly  ass igned value will not exceed a ce r ta in  quantity;  a definite t e m p e r a t u r e  level  will  be 
achieved at  a fixed point ,  etc.  I ts  se lec t ion  is dictated by speci f ic  c i r cums tances .  Such p r o b l e m s  or ig inate  
in the design and designat ion of the exploi tat ional  modes  of t he rma l  power  plants .  

A signif icant  number  of inves t iga t ions  have been  devoted to methods of solving p r o b l e m s  on the opt imal  
control  of heat ing sol ids.  The approach developed in [2, 3], whose crux  is  that compl iance  with the equali ty 
under  conditions cons t ra in ing  the t h e r m a l  s t r e s s e s  is cons idered  equivalent  to the condition of r ea l i z ing  an 
op t imal  t h e r m a l  mode ,  is  used below. 

1. Le t  us a s s um e  the p r o c e s s  of hea t  t r a n s m i s s i o n  between two ha l f spaces .  This  p rob lem can be u s e -  
ful if it is  n e c e s s a r y  to check the p r o c e s s  only at  t imes  c lose  to the initial  t ime ,  or  when the i t ems  maMng 
contact  a r e  sufficiently mass ive .  

T rans l a t ed  f r o m  Inzhenerno-F iz i chesk i i  Zhurnal ,  Vol .~5 ,  No. 4, pp. 718-723, October ,  1978. Original  
a r t i c l e  submit ted  October  3, 1977. 
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Let the halfspace x > 0 have the tempera ture  T O and at the time t = 0 be in contact with the halfspace,  
x < 0 which has a zero  tempera ture .  Find that hea t - t r ansmiss ion  mode for which the value of the tempera ture  
at some point x = l will reach the value T*(T 0 > T* > T0/2 ) in a minimum time and the thermoelas t ic  s t r e s se s  
will hence not exceed an admissible  quantity a0. 

The heat-conduct ion problem is formulated as follows: Find the solution of the equations 

O2Ti 1 OTt , x > O ;  --02T2 _ 1 OT2 , x < O ,  (1.1) 
Ox z x Ot Ox 2 z Ot 

satisfying the boundary conditions 

la te r :  

Tt = To, T2 = 0 for t = 0; OTi _ .  OT2  

Ox Ox ' (1.2) 
L OTi 1 (T i - T 2 )  for x = O .  

Ox R 

Let us f i r s t  note one physical ly obvious equality (its formal  proof is e lementary) ,  which will be useful 

T~ (x, t) + 7"2 (-- x, t) = T o. (1.3) 

Fu r the rmore ,  according to [4], the the rmoelas t i c  s t r e s s e s  in a halfspace with a uniform tempera tu re  
distr ibution have the fo rm 

~zET (1.4) 
%.~ = O, a, ,  = avu 1 - -  v 

There fore ,  the maximum value of the tensile s t r e s ses  is achieved in the r ight halfspace and equals 

~.axzz = a E  (Til ----~ To) x=+0' (1.5) 

Examination of the problem of optimal control  of the hea t - t r ansmiss ion  p rocess  is meaningful only if the 
corresponding thermoelas t ic  s t r e s se s  exceed an allowable quantity under ideal thermal  contact between the 
touching bodies. As follows f rom (1.2) and (1.3) a constant t empera ture  T i = T 2 = T 0 / 2  and e max = czET0/2(1 - 

' ZZ 
v) are  established on the boundary under ideal thermal  contact. There fore ,  for aET0/2(1 - v) -<-e0 ideal heat  
exchange is the optimal hea t - t r ansmiss ion  mode. In this ease the heat-conduct ion problem is formulated thus: 

02Tt 1 O T  1 To 
OX z n Ot , Til t=o : To, Tilx~0 : - - .  ( 1 .6 )  

2 

The solution of this problem is known [5]: 

where 

T~ =-~--{1 + (x)} 
r 2 F ~  ' 

x 

2 j'e-~' dE r (x) = ~ , . .  

0 

The time needed to reach the tempera ture  T* at the point x = l is determined f rom the equation 

Let us consider  the situation when aET0/2(1 - v) > ~0. Following [2, 3], let  us assume that the optimal 
hea t - t r ansmiss ion  mode is real ized under the condition of the equality _max = go is always satisfied at some 

UZZ 
point of the halfspace,  where this  point can be var iable  in the general  case.  However,  taking account of the 
monotonity of the t empera tu re  change for the problem under investigation, it follows f rom (1.4) that the maxi -  
mum tensile s t ress  is always attained at the point x = +0. There fo re ,  under the assumption made is cha r ac -  
ter ized by the condition 

Tdx=o = To ao (1 - -  v) = M 
~E 

and the problem of determining the optimal mode of the hea t - t r ansmiss ion  p roces s  has the fo rm 

02Tt __ 1 OTl Till=o= To, Tlf~=o = To-- %(1- -v )  
Ox z • Ot ' cr " ( 1 . 7 )  
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Let  us p rove  that this t he rm a l  mode is actual ly  opt imal .  The p roof  is based on the following l e mma:  Let  
functions ui(x, t) be solutions of the p r o b l e m s  

02ut = Ouz (x, t > 0 ;  i = 1,2), uil~= o = u  o, uil~= o = %(0. 
Ox 2 Ot 

If ~ol(t)>-~02(t), then ul(x, t)-> u2(x, t). 

Now, le t  R(t) be some  control  and T l(x, t ,  R) be the t he rma l  mode it  de t e rmines .  Le t  ~0(t, R) = Tl(0,  t ,  
R). I f  it turns  out that  fo r  R 1 (t) and R2(t) the cor responding  functions ~01 (t, RI) and ~0z(t, R~) a r e  re la ted  by the 
inequali ty ~01 -> ~02 then by  v i r tue  of the l e m m a  Tl(x, t, Ill) --> T l (x, t, 1R2). T h e r e f o r e ,  the contro l  will be 
opt imal  if the function T 1 (x, t) is the g r ea t e s t  poss ib le  for  x = 0. But the l a r g e s t  poss ib le  value is M. T h e r e -  
f o r e ,  the t he rma l  mode i t  d e t e r m i n e s  is  opt imal .  

The  solution of p rob lem (1.7) is  analogous to (1.6): 

ff.E ' T2~--- '~176 - -  g " ' 

where  

O* (x) = 1--@ (x). 

We find control  function R (t) r ea l i z ing  the opt imal  control  f r o m  boundary condition (1.2) 

R(t)=- ctET~ - -  2% (1- -  v) 2V-~'. 
X~ (1 - -  '0 

The t ime  t* to achieve the des i r ed  r e s u l t  is  the solution of the equation 

O* 1 T ~  "~ ( 2 - - ~ ) "  

2. Let  us examine  the m o r e  phys ica l  s i tuat ion when two p la tes  of ident ical  th ickness  2l a r e  in con-  
tact ,  where  one has  the init ial  t e m p e r a t u r e  T O while the t e m p e r a t u r e  of the o ther  is ze ro  and the su r f aces  not 
in contact  a r e  hea t  insulated.  Le t  us find the opt imal  h e a t - t r a n s m i s s i o n  mode between the p la tes  by cons ide r -  
ing the contact  t h e r m a l  r e s i s t a n c e  R (t) the control  function, and the a t ta inment  of a ce r ta in  t e m p e r a t u r e  T* on 
the hea t - insu la ted  su r face  of the "hot" pla te  in a min imum t ime  as the t a rge t  function, where  T0/2 < T* < T 0. 

The t e m p e r a t u r e  dis t r ibut ion in the p la tes  is desc r ibed  by the solution of the p rob l em 

02Tl 1 OTi , 0<:x~<21; 02T2 1 OT2 , 
~ 2 1 ~  x ~ O ~ 

Ox 2 z Ot Ox 2 • Ot 
OT~ OT2 (2.1) Tt=To,  T 2 = 0  for t - -O;  - - = - - a n d  
Ox Ox 

O'Pl 1 ( Tt__ Tz) for x-----0; OTt t 07"2 
Ox = - - ~  0--;-Ix=2~ = Ox x=-2~  o. 

Equali ty (1.3) is  evidently a lso  val id for  this case .  

Le t  us analyze  the nature  of the t h e r m a l  s t r e s s  s ta te  of p la tes  with an ideal t he rma l  contact  in o rde r  to 
de te rmine  the condition under  which the h e a t - t r a n s m i s s i o n  p rob l em mus t  be control led by means  of the t h e r -  
ma l  r e s i s t ance .  The ma thema t i ca l  fo rmula t ion  of the heat -conduct ion  p rob l em for  R = 0 is  analogous to (1.6) 
in conformi ty  with (1.3), except  the condition of no hea t  flux on the plate su r faces  not in contact  should be added. 
I t  is  shown in [4] that  the s t r e s s e s  in a f r ee  plate having the t e m p e r a t u r e  T O at the init ial  instant  and then chang-  
ing i ts  magnitude to S O ins tantaneously  on one su r face ,  will r each  the m a x i m u m  value on the boundary x = 0 at 
the t ime  t = +0, where  

~max ~ __ aE (S0-- T0)/(1 - -  v), 
2 Z  

i .e . ,  for  the p r o b l e m  under  considera t ion 

~1 max ---- czETo/2 (1  - -  v ) .  
2 2  
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T A B L E  1. V a l u e s  R o o t s  of (2, 4) 

H 

1,30310 
3,70722 
5,28103 
6,93942 

8,50113 
10,1184 
11,6898 
13,280~ 

9 
10 
II 
12 

14,8517 
16,4352 
18,0062 
19,5858 

13 
14 
15 
16 

21,1567 
22,7339 
24,3019 
25,8805 

N .. 
a q~s q~z a,4a o,e~ x 

F i g .  1. G r a p h  of the o p t i m a l  
c o n t r o l  fo r  d i f f e r e n t  v a l u e s  of  
the p a r a m e t e r  7: 1) 0.2; 2) 0.3; 
0.4; 3) 0.4; 4) 0.5. 

T h e r e f o r e ,  i f  c~ET0/2(1 - v) -< z0, then the  h e a t - t r a n s m i s s i o n  mode  a t  R = 0 i s  o p t i m a l .  The  s o l u t i o n  of 
the  p r o b l e m  is  hence  e a s i l y  o b t a i n e d  by the F o u r i e r  m e t h o d  [5]. 

L e t  aET0/2(1 - v) > z0. A s  b e f o r e ,  we  c o n s i d e r  the  o p t i m a l  mode  r e a l i z e d  u n d e r  the  cond i t i on  e m a x  = z0. 
L e t  us  i n t r o d u c e  the d i m e n s i o n l e s s  c o o r d i n a t e s  ~ = (x - l ) / l ,  T = ~t/12o The  t h e r m o e l a s t i c  s t r e s s e s  in Z ~ r e e  
p l a t e  due to the  e f f ec t  of  a t e m p e r a t u r e  v a r y i n g  only  a long  the  t h i c k n e s s  wi l l  have  the  f o r m  [4] 

ccE 

1 - - v  

1 1 

1 ~Td~ + 3~ 
- - 1  - -1  

Since  the  v a l u e  of T l  - T O i s  m a x i m a l  a t  the  po in t  ~ = - 1 ,  then the m a x i m a l  v a l u e  of  the  t h e r m a l  s t r e s s  
i s  a l s o  a c h i e v e d  a t  ~ = - 1 .  Now,  the  p r o b l e m  to d e t e r m i n e  the o p t i m a l  h e a t - t r a n s m i s s i o n  m o d e  i s  f o r m u l a t e d  
thus  a2u a u  

- -  , U = 0 for "~ = 0; (2.2) a~ a~ 

l 1 

0--~U ---_0 for ~ = 1 ;  - - U + - ~ -  Ud~ = - -  
0~ ~ 2 J ~E 

- -1  - -1  

w h e r e  U = T1 - To. 

I t s  s o l u t i o n  i s  e a s i l y  c o n s t r u c t e d  by u s i n g  the L a p l a c e  i n t e g r a l  t r a n s f o r m  m e t h o d  
2 

T, = T o + ~ -  - -  2~ - -  (} - -  1) z =- + 2 = 2[~ m cos 2~m + 2~Zm sin 2~m .-- sin 2[~m ' (2.3) 

H e r e  tim a r e  p o s i t i v e  r o o t s  of the  equa t ion  

1~ cos 28 + 3 sin 2 ~ - -  2 sin 26 --  0. 

The  v a l u e s  of  the  f i r s t  16 r o o t s  of t h i s  equa t ion  a r e  given in the t ab l e .  
f i -ciently a c c u r a t e l y  f r o m  the a s y m p t o t i c  f o r m u l a  

(2.4) 

Subsequen t  r o o t s  can  be  c a l c u l a t e d  s u f -  

[tm ~ ~m12. 
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We find the control  function R(t) f rom the condition of contact  heat  exchange between the plates  

' " e - ~ "  e~ 213" ] ) / ( {  E 
+ 2 215,n cos 2[~ m + 2[~ cos 21~ - -  sin 2[~ 7 3 -~ 

m ~ l  rn=l  

where  7 = 2a0(1 - u)/oLETo. 

Since solution (2.3) is valid only for  t < t*, where t* is de termined  f rom the equality 

6) 
5 + 

2 

2[~rn cos 2[~ m -}- 2[~ cos 2[~ m - -  sin 2~m ' 
(2.5) 

To (2.6) 
Til~=_l= 2 ' 

then (2.5) is also valid for  t < t*. If the des i red  resu l t  is not achieved during this t ime ,  then R = 0 should l a t e r  
(t > t*) be taken as the optimal hea t - t r ansmiss ion  mode. Let  us note that the condition for  switching the control  
(2.6) is equivalent  to the equality R(t) = 0. This follows f rom (1.3) and the condition of heat  exchange between 
plates .  

Graphs of the control  function R(r) a re  p resen ted  in the f igure for  different  values of the p a r a m e t e r  7. It 
follows f rom the f igure that the sma l l e r  the p a r a m e t e r  7, i .e . ,  the more  the the rmoe las t i c  s t r e s s e s  in the plate 
exceed the allowable magnitude under an ideal the rmal  contact ,  the longer the duration of the control .  

T 

A 

~t 

R 
rv 

E 

V 

~k 

zs the 
xs the 
is the 
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is the 
is the 

NOTATION 

t empera tu re ;  
heat-conduct ion coefficient;  
coefficient  of thermal  dfffusivity; 
constant the rmal  r e s i s t ance ;  
coeff icient  of l inear  expansion; 
Young' s modulus; 
Poisson '  s ra t io;  
s t r e s s  t ensor  component. 

1. 

2. 
3. 

4. 
5. 

L I T E R A T U R E  C I T E D  

Gosenergozzdat ,  M o s c o w - L e n i n -  Yu. P. Shlykov and E. A. Ganin, Contact Heat  Exchange [in Russian] ,  " " 
grad (1963). 
Ya. S. Pods t r igach ,  A. G. Prokopenko,  and V. M. Vigak, Pr i ld .  Mekh., 8 ,  No. 6 (1972). 
V. M. Vigak, in: Mathematical  Methods and Physicomechanica l  Fields  [in Russian],  No. 2, Naukova 
Dumka, Kiev (1975). 
B. Boley and J. H. Weiner ,  Theory  of The rma l  S t r e s se s ,  Wiley (1960). 
H. S. Carslaw and J. C. J aege r ,  Conduction of Heat  in Solids, Oxford Univ. P r e s s  (1959). 

1244 


